In 2-neighborhood bootstrap percolation on a graph G, an infection spreads according to the following deterministic rule: infected vertices of G remain infected forever and in consecutive rounds healthy vertices with at least 2 already infected neighbors become infected. Percolation occurs if eventually every vertex is infected. The maximum time t(G) is the maximum number of rounds needed to eventually infect the entire vertex set. In 2013, it was proved [7] that deciding whether t(G) ≥ k is polynomial time solvable for k = 2, but is NP-Complete for k = 4 and, if the problem is restricted to bipartite graphs, it is NP-Complete for k = 7. In this paper, we solve the open questions. We obtain an O(mn 5 )-time algorithm to decide whether t(G) ≥ 3. For bipartite graphs, we obtain an O(mn 3 )-time algorithm to decide whether t(G) ≥ 3, an O(m 2 n 9 )-time algorithm to decide whether t(G) ≥ 4 and we prove that t(G) ≥ 5 is NP-Complete.
Introduction
We consider a problem in which an infection spreads over the vertices of a connected simple graph G following a deterministic spreading rule in such a way that an infected vertex will remain infected forever. Given a set S ⊆ V (G) of initially infected vertices, we build a sequence S (0) , S (1) , S (2) , . . . in which S (0) = S and S (i+1) is obtained from S (i) using such spreading rule.
Under r-neighbor bootstrap percolation on a graph G, the spreading rule is a threshold rule in which S (i+1) is obtained from S (i) by adding to it the vertices of G which have at least r neighbors in S (i) . Given a set S of vertices and a vertex v of G, let t r (G, S, v) be the minimum t such that v belongs to S (t) (let ✩ This research was supported by CNPq (Universal Proc. 478744/2013-7) and FAPESP (Proc. 2013/03447-6). The statements of some of the results of this paper appeared in WG '2014 Email addresses: thiagomarcilon@lia.ufc.br (Thiago Marcilon), rudini@lia.ufc.br (Rudini Sampaio)
Question: Is t(G) ≥ k?
In 2013, Benevides, Campos, Dourado, Sampaio and Silva [7] , among other results, proved that deciding whether t(G) ≥ k is polynomial time solvable when the parameter k is fixed in 2, but is NP-Complete when the parameter k is fixed in 4 and, when we restrict the problem to allow only bipartite graphs, is NP-Complete when the parameter k fixed is fixed in 7, thus, leaving open the questions: t(G) ≥ k is polynomial time solvable when the parameter k is fixed in 3? When we restrict the problem to bipartite graphs, what is the threshold, regarding the parameter k, between polynomiality and NP-completeness? In this paper, we solve these questions.
In Section 2, we show that the Percolation Time Problem is NP-Complete when restricted to bipartite graphs and k ≥ 5. In Section 3, we discuss the similarities between the structural characterizations presented in Sections 4, 6 and 5 and the arguments used in the proofs in these sections. In Sections 4 and 6, we show that the problem is polynomial time solvable for k = 3 and k = 4 by showing a structural characterization that can be computed in time O(mn 3 ) and O(m 2 n 9 ) respectively. For general graphs, we show in Section 5 that the problem is polynomial time solvable for k = 3 by showing a structural characterization that can be computed in time O(mn 5 ).
Related works and some notation
It is interesting to notice that infection problems appear in the literature under many different names and were studied by researches of various fields. The particular case in which r = 2 in r-neighborhood bootstrap percolation is also a particular case of a infection problem related to convexities in graph.
A finite convexity space [25, 30] is a pair (V, C) consisting of a finite ground set V and a set C of subsets of V satisfying ∅, V ∈ C and if C 1 , C 2 ∈ C, then C 1 ∩ C 2 ∈ C. The members of C are called C-convex sets and the convex hull of a set S is the minimum convex set H(S) ∈ C containing S.
A convexity space (V, C) is an interval convexity [12] if there is a so-called interval function I :
V such that a subset C of V belongs to C if and only if I({x, y}) ⊆ C for every two distinct elements x and y of C. With no risk of confusion, for any S ⊆ V , we also denote by I(S) the union of S with x,y∈S I({x, y}). In interval convexities, the convex hull of a set S can be computed by exhaustively applying the corresponding interval function until obtaining a convex set.
The most studied graph convexities defined by interval functions are those in which I({x, y}) is the union of paths between x and y with some particular property. Some common examples are the P 3 -convexity [20] , geodetic convexity [21] and monophonic convexity [19] . We observe that the spreading rule in 2-neighbors bootstrap percolation is equivalent to S (i+1) = I(S (i) ) where I is the interval function which defines the P 3 -convexity: I(S) contains S and every vertex belonging to some path of 3 vertices whose extreme vertices are in S. For these reasons, we call a percolating set by hull set.
In geodetic convexity, where the interval of S contains S and every vertex lying in some geodesic joining two vertices of S, it was defined the geodetic iteration number of a graph [14, 23] which is analogous to our definition of percolation time. Related to the geodetic convexity, there exists the geodetic iteration number of a graph [14, 23] , which is similar to the percolation time.
t(G) ≥ 5 is NP-Complete in bipartite graphs
In [7] , it was proved that deciding if t(G) ≥ 7 is NP-Complete in bipartite graphs. The following theorem improves this result. . . , C m } on variables X = {x 1 , . . . , x n } of an instance of 3-SAT, let us denote the three literals of C i by ℓ i,1 , ℓ i,2 and ℓ i, 3 . The reduction is as follows:
For each clause C i of C, add to G a gadget like the one in Figure 1 . Then, for each pair of literals ℓ i,a , ℓ j,b such that one is the negation of the other, add a vertex y (i,a),(j,b) adjacent to w i,a and w j,b . Let Y be the set of all vertices created this way. Finally, add a vertex z adjacent to all vertices in Y and a vertex z ′ adjacent only to z. Denote the sets {u i ∪ W , we can always choose in which partition to put the vertices in T so we can have a bipartition for G. Thus, G is bipartite. Now, let us show that C is satisfiable if and only if G contains a hull set that infects all vertices in G in time at least k, for any k ≥ 5. First, we will consider the case k = 5.
Suppose that C has a truth assignment. For each clause
We can see in Figure 1 that all vertices in the clause gadgets are infected in time at most 4. Also, we have that S infects w i,k , for any k ∈ K i , in time 1 and infects w i,k ′ , for any k ′ / ∈ K i , in time 3 for every 1 ≤ i ≤ m. Since we used a truth assignment, we have that all vertices of Y are infected in time exactly 4 because any vertex y ∈ Y is adjacent to exactly one vertex in W infected at time 1 and another vertex in W infected at time 3. Thus, the vertex z is infected in time 5 and, therefore, t(G) ≥ 5. Now, suppose that there is a instance C is not satisfiable. Let G be the graph resulting from the reduction applied to C. Let us prove that t(G) < 5. Let S be any hull set of G. Since S is a hull set, then it must have at least one vertex in each set U i , because each vertex in U i have only one neighbor outside U i , and all vertices of degree one, for the same reason. Thus, since C is not satisfiable, then there is a vertex y ∈ Y such that S infects y at time ≤ 3. This is because, if S infects all vertices in Y at time 4, then we can find an assignment to the variables of C that satisfies C. Consider the following assignment: If a vertex u i,j is in S and ℓ i,j is a positive literal then assign true to the variable that it represents and, hence, if a vertex u i,j is in S and ℓ i,j is a negative literal then assign false to the variable that it represents. After that, if there is a variable that does not yet have a value, assign true to that variable. This assignment satisfies C because since S has at least one vertex in each set U i , then each clause will have at least one literal that evaluates to true. Furthermore, since all vertices in Y are infected at time 4, then we have that two vertices in U that represent the same variable but negate each other, cannot be in S simultaneously and, therefore, we do not risk to assign different values to the same variable.
Thus, we have that z is infected by S at time ≤ 4. Since any hull set S infects all vertices in Y ∪ U at time ≤ 4, then x is the only vertex that can possible be infected at time greater than 4. Since, for any hull set S, S infects x at time ≤ 4, hence all hull sets infect G at time ≤ 4. Therefore, t(G) ≤ 4.
For values k > 5, it suffices to alter the reduction by adding a path P of length k − 5 and linking one end of P to the vertex z, appending a new leaf vertex to each vertex in P . The proof remains the same.
Discussion about the polynomial results and some useful lemmas
In the next sections, we prove that the Percolation Time Problem for k = 3 in general graphs and for k = 3 and k = 4 for bipartite graphs is polynomial time solvable. In each of these cases, we obtain algorithms that are by-product of a structural characterization that can be computed in polynomial time. All the structural characterizations are very similar to each other: a graph G has percolation time at least k if and only if there is a set F of vertices with size |F | = O(1), a vertex u ∈ V (G) and a set T 0 of vertices satisfying some specific restrictions, such that the set F ∪ T 0 ∪ N ≥k (u) infects some vertex x at time k. Since |F | = O(1), the difficulty to compute these characterizations resides in how many sets T 0 we have to test. In each of the next sections, we define the set T 0 and, when it is not obvious, we prove that the number of sets T 0 that we have to test and the construction of a set T 0 can be done in polynomial time.
Also, in the proofs of the next sections, we will often prove that some vertex v is infected by some set S at time k. To do that, we will prove that t(G, S, v) ≥ k and t(G, S, v) ≤ k. Recall the infection process S (0) , S (1) , S (2) , . . . beginning with S (0) = S. Besides Lemmas 3.3 and 3.4, there are essentially two arguments that we will use to prove these two points. The first argument is that, if S (k−1) contains at least two vertices in the neighborhood of v, then t(G, S, v) ≤ k (that is, v ∈ S (k) ). The second argument is that, if S (k−1) contains at most one vertex in the neighborhood of v, then either v is not infected by S or v is infected by S at time at least k, i.e., t(G, S, v) ≥ k.
It is worth noting that t(G, S, v) ≥ k means that either v is infected by S at time at least k or v is not infected by S. However, if S is a hull set, then it means that v is infected by S at time at least k. Moreover, if we already know that a subset of S infects v, then t(G, S, v) ≥ k means that S infects v at time at least k.
The following useful lemma show us that we can obtain a hull set for any time smaller or equal to t(G).
is the set of vertices infected by S ′ at time 1. Clearly, t(G, S) = t(G, S ′ ) − 1. Applying this fact, we are done.
We say that a set T of vertices is co-convex if every vertex of T has at most one neighbor outside T . The next lemma proves that every hull set must contain at least one vertex of any co-convex set.
Lemma 3.2. Let S be a hull set of G and let T be a co-convex set of G. Then S contains a vertex of T . Consequently, S contains all vertices of G with degree 1. Moreover, for all pair of adjacent vertices x, y with degree two, S contains at least one of them.
Proof. Suppose, by contradiction, that S ∩ T = ∅. Since S is a hull set, then S infects all the vertices in T . Let v be the first vertex in T infected by S, i.e., t(G, S, v) = min v ′ ∈T t(G, S, v ′ ). Let t(G, S, v) = t. Since v is infected at time t > 0 by S, then v must have two neighbor vertices v 1 and v 2 infected at time t(G, S, v 1 ) = t − 1 and t(G, S, v 2 ) ≤ t − 1. Clearly t(G, S, v 1 ) < t(G, S, v) and t(G, S, v 2 ) < t(G, S, v). Since v has at most one neighbor vertex outside T , then at least one of the two vertices v 1 and v 2 is in T , which is a contradiction because there is no vertex in T infected earlier than v. Therefore, there must be a vertex in T ∩ S. If z is a vertex of degree 1, then T = {z} is clearly co-convex. If x, y are adjacent vertices with degree two, then T = {x, y} is clearly co-convex.
Given a vertex v, let N (v) be the set of neighbors of v and let
denotes the set of vertices at distance i of v; N ≥i (u) denotes the set of vertices at distance greater or equal to i of v; and N ≤i (u) denotes the set of vertices at distance less or equal to i of v. The following lemma show us that, if a vertex w is infected at time at least k by a set S, then this also happens for S ∪ {z} for any z ∈ N ≥k (w). That is, z cannot help a faster infection of w because z is too far from w. Lemma 3.3. Let S be a set of vertices of a graph G and w be a vertex of G.
The proof for k = 0 is trivial. Now, let k > 0 and suppose that this lemma holds for any value smaller than k. Let us prove that it also holds for k. Let z ∈ N ≥k (w) and suppose that t(G, S, w) ≥ k. Thus, if u ∈ N (w), then z ∈ N ≥k−1 (u). By the inductive hypothesis, for every u ∈ N (w), if t(G, S, u) ≥ k − 1, then t(G, S ′ , u) ≥ k − 1. Therefore, since we have at most one vertex x ∈ N (w) such that t(G, S, x) < k − 1 (otherwise, t(G, S, w) < k), there is at most one vertex x in N (w) such that t(G, S ′ , x) < k − 1. Thus, t(G, S ′ , w) ≥ k and we are done.
Lemma 3.4. Let G be a graph and let
Proof. If t(G, S, u) = ∞, we are done. Suppose that t(G, S, u) = k. For any 0 ≤ i ≤ k, let S (i) and S ′ (i) be the sets of vertices infected by S and S ′ at time i. Notice that, if The following theorem is the main result of this section. 
Proof. Firstly, suppose that t(G) ≥ 3. From Lemma 3.1, there exists a hull set S ′′ that infects G at time 3 and a vertex u that is infected by S ′′ at time 3. From Lemma 3.2,
is also a hull set that infects u at time 3. If S ′ contains a vertex in N (u), let S = S ′ . Otherwise, let v be a neighbor of u with the smallest infection time with respect to the hull set S ′ and let S = S ′ ∪ {v}. Since G is bipartite, the distance from v to any other vertex of N (u) is at least two. Since all vertices in N (u) − {v} are infected at time ≥ 2 by S ′ , then by Lemma 3.3 all vertices in N (u) − {v} are infected at time ≥ 2 by S. Thus, S infects u at time ≥ 3. In fact, S infects u at time exactly 3, because S ′ ⊆ S and by Lemma 3.4. Note that, since v is the only vertex of N (u) infected by S at time 0 and G is bipartite, then any vertex in N 2 (u) infected at time 1 by S is also infected at time 1 by the set {v} ∪ N ≥3 (u) ∪ T 0 . Now, we split the proof in two cases.
The first case occurs when no vertex of N (u) − {v} has a neighbor in S. Let w ∈ N (u) − {v} be a vertex such that t(G, S, w) = 2 and let s, z be vertices of N (w) infected by S at time 1. Since G is bipartite, s, z ∈ N 2 (u). Since no vertex of N (u) − {v} has a neighbor in S, then any vertex of N (u) − {v} has at most one neighbor in S ∪ {s}. Therefore, every vertex of N (u) − {v} is infected by S ∪ {s} at time ≥ 2. Thus, S ∪ {s} infects u at time ≥ 3. In fact, by Lemma 3.4, S ∪{s} infects u at time exactly 3. Since t(G, S, z) = 1, then the set {v, s} ∪N ≥3 (u)∪T 0 infects z at time 1. Moreover, {s, v} ∪N ≥3 (u)∪T 0 ⊆ S ∪{s} and, by Lemma 3.4, the set {s, v} ∪ N ≥3 (u) ∪ T 0 infects w at time exactly 2. With the same arguments, we have that {s, v} ∪ N ≥3 (u) ∪ T 0 infects u at time 3, through the vertices w and v.
The second case occurs when there is a vertex w ∈ N (u)−{v} with a neighbor s ∈ S. Let z be any vertex of N (w) infected by S at time 1. Again, we have that s, z ∈ N 2 (u). Similarly to the previous case, since the set {v, s} ∪ N ≥3 (u) ∪ T 0 infects z at time 1 and {v, s} ∪ N ≥3 (u) ∪ T 0 ⊆ S, then by Lemma 3.4 the set {s, v} ∪ N ≥3 (u) ∪ T 0 infects w at time 2 and u at time 3. With this, we conclude the proof of the necessary condition. Now, let us prove the sufficient condition. Suppose that there are three vertices u, v and s such that v ∈ N (u), s ∈ N 2 (u) and the set S 0 = T 0 ∪ N ≥3 (u) ∪ {v, s} infects u at time 3. We will construct a hull set S ⊇ S 0 in rounds. Let S i be the set obtained in round i. Consider we are in round i ≥ 0. If S i is a hull set, let S = S i and we stop. Otherwise, suppose that there is a vertex q ∈ N 2 (u) not infected by S i . Notice that q is adjacent to a vertex w ∈ N (u) not infected by S i , because q has degree at least 2 and G is bipartite. Let S i+1 = S i ∪{q}. Since q is at distance 2 of u, then, by Lemma 3.3, 2 ≤ t(G, S i+1 , u) ≤ 3. Therefore, S i+1 infects w at time ≥ 3, since all neighbors of w are at distance ≥ 2 of q.
Since N 2 (u) is finite, this procedure will finish and all vertices of N 2 (u) are infected by S and consequently S is a hull set. Moreover, 2 ≤ t(G, S, u) ≤ 3 and S infects at time ≥ 3 some vertex w ∈ N (u).
Given the vertices u, v, s such that v ∈ N (u), s ∈ N 2 (u) and a set S 0 = T 0 ∪ N ≥3 (u) ∪ {v, s} that infects u at time 3, the construction to build a hull set S such that t(G, S) ≥ 3 that is described in Lemma 4.2 can be implemented to run in time O(mn 2 ). This is because, since G is connected, the sets N (u), N 2 (u) and N ≥3 (u) can be computed in time O(m) and, in each step i, we only have to find one vertex, if there is any, belonging to the set N 2 (u) ∩ Y , which can be done in time O(n), and then update the set Y , which can be done in time O(mn). Now, let us prove the main theorem of the section. Proof. Consider the following algorithm:
Algorithm 1: Algorithm that solves the Maximum Percolation Problem for k = 3 in bipartite graphs
Input: A bipartite connected graph G.
The Algorithm 1 outputs Yes if and only if, given a bipartite graph G, there are vertices u, v ∈ N (u) and s in N 2 (u) such that the set {s, v} ∪ N ≥3 (u) ∪ T 0 infects u at time 3. Thus, by Lemma 4.2, the algorithm outputs Yes if and only if t(G) ≥ 3. Furthermore, the Algorithm 1 is an O(mn 3 )-time algorithm. This is because in O(n)-time the set T 0 can be computed, given a vertex u, it is necessary O(m)-time to compute the sets N (u), N 2 (u) and N ≥3 (u), and given u, v and s, it is necessary O(m)-time to test whether the set {s, v} ∪ N ≥3 (u) ∪ T 0 infects u at time 3. Therefore, the algorithm 1 decides whether t(G) ≥ 3, for any bipartite connected graph G, in O(mn 3 )-time.
Maximum Percolation Time with parameter fixed k = 3
The following theorem is the main result of this section.
In order to prove it, we first define the family of sets T u 0 and prove a structural result. Proof. Notice that, if v is a separator and H v,i is a connected component of 
Proof. First, let us prove the necessary condition. Suppose that t(G) ≥ 3. Then there exists a hull set S ′ of G and a vertex u such that t(G, S
is a hull set such that t(G, S, u) = 3. Since S infects u at time 3 and, to be infected, each vertex needs two infected neighbors, then there is a set F ⊆ S with size |F | ≤ 2 3 = 8 which infects u at time 3. Thus, since, by Lemma 5.3, there is a set
Furthermore, we can decrease the size of F to 4 by the following claim, proved in Section 7.
Claim 5.4.1. Let G be a graph and u ∈ V (G). If G has a hull set which infects u at time 3, then G has a set F with at most 4 vertices and a hull set S such that F ⊆ S and t(G, F, u) = t(G, S, u) = 3.
With this, we conclude the proof of the necessary condition. Now, let us prove the sufficient condition. Suppose that there is a vertex u,
If S 0 is a hull set, we are done. Thus, assume that S 0 is not a hull set. We will show how to construct a hull set S such that t(G, S) ≥ 3. We begin with S = S 0 . Let S i be the constructed set at step i. Each step adds one vertex to S and, at the end of each step, it is guaranteed that S i infects some vertex u i at time ≥ 3 (u 0 = u) and infects u at time ≥ 2. Let X i be the set of vertices infected by S i , and let Y i = V (G) − X i . It is worth noting that a vertex in Y i is adjacent to at most one vertex in X i and, since it must have degree at least two, it is also adjacent to at least one vertex in Y i .
For i ≥ 0, in the (i + 1)th step of the construction, assume that there exists a vertex y i ∈ Y i ∩ N 2 (u i ) with no neighbor infected by S i at time ≥ 2. Let S ′ i+1 = S i ∪ {y i }. Since S i infects u i at time ≥ 3, u i has at most one neighbor infected by S i at time ≤ 1 and, since y i ∈ N 2 (u), u i is not adjacent to y i . Furthermore, we have that:
• Every neighbor of u i infected by S i at time ≥ 2 is also infected by S ′ i+1 at time ≥ 2. This is because y i is at distance ≥ 2 of every vertex infected by S i at time ≥ 2, and, therefore, by Lemma 3.3, every vertex infected by S i at time ≥ 2, including the neighbors of u i , is infected by S ′ i+1 at time ≥ 2.
• Every neighbor of u i not infected by S i is either not infected by S ′ i+1 or infected by S ′ i+1 at time ≥ 2. This is because to a vertex q ∈ Y i ∩ N (u i ) be infected at time ≤ 1 by S ′ i+1 either it must be y i itself, which cannot happen because y i ∈ N 2 (u i ), or q must be adjacent to a vertex infected at time 0 by S i , which cannot happen either because, if q were adjacent to a vertex infected at time 0 by S i , since it is also adjacent to u i , then q would be in X i .
Therefore, we have that t(G, S
Now, assume that every vertex in Y i ∩ N 2 (u i ) has exactly one neighbor in X i , which is infected at time ≥ 2 by S i . Let y i be any vertex in
] that contains y i and let z i be the neighbor of y i outside C i , which is infected time ≥ 2 by S i . If every vertex of C i is adjacent to z i , then C i has only vertices of N 2 (u) or only vertices of N (u) because, otherwise, since z i would be equal to u, then there would be a vertex in N 2 (u) adjacent to u. Also, every vertex of C i has no neighbor in N 3 (u). Hence, either way, z i is a separator and C i would be a connected component of
We then conclude that there is a vertex y
All vertices in C i are infected by S i+1 because all vertices in C i have one neighbor infected by S i . Let us prove that y In Figure 2 , we can see an example of how the infection times of the vertices in C i will be like before and after we add y i to S i .
Figure 2: Vertices of the component C i before and after the addition of y i to S i .
• If q has a neighbor in N 2 (u i ), then q is infected by this neighbor and u i ;
• If q has degree one, then q ∈ T 0 and, hence, q ∈ X i ;
• If q does not have a neighbor in N 2 (u i ) and has degree ≥ 2, then let C be the connected component of the subgraph induced by the vertices in N (u i ) such that q ∈ V (C). If u ∈ V (C) then all vertices in C are also infected, since all vertices are adjacent to u i ∈ X i . If u / ∈ V (C), then either there is a vertex v in C that has a neighbor in N 2 (u i ) or every vertex in C do not have a neighbor in N 2 (u i ). If there is a vertex v in C that has a neighbor in N 2 (u i ) then v is infected by his neighbor in N 2 (u i ) and u i and, hence, all vertices in C are in X i . If every vertex in C do not have a neighbor in N 2 (u i ) then C is a connected component of the subgraph induced by G − u i , where V (C) ⊆ N (u i ), and u / ∈ V (C), which means that there is a vertex v in V (C) ∩ T 0 and, thus, all vertices in C are infected.
Thus, since all vertices in N 2 (u i ) are in X i , then X i = V (G). In this case, the construction is over. The construction will eventually end. This is because, in each step, we add one vertex of N 2 (u i ) to S and, even though the vertex u i potentially changes with each i, eventually N 2 (u i ) ∩ Y i = ∅ because eventually there will be no more vertices of G not infected. Since each step ensures that S infects u i at time ≥ 3, then, by the end of the construction, S will be a hull set such that t(G, S) ≥ 3.
Given a vertex u, a set T 0 ∈ T u 0 and a set of vertices F , such that T 0 ∪ F ∪ N ≥3 (u) infects u at time 3, the construction of a hull set S such that t(G, S) ≥ 3 that is described in Lemma 5.4 can be implemented to run in time O(mn 2 ). This is because, in each step i, since G is connected, the sets N (u i ), N 2 (u i ) and N ≥3 (u i ) can be computed in time O(m); finding one vertex, if there is any, belonging to the set N 2 (u i ) ∩ Y i that has at least one neighbor that is either not infected or infected at time ≤ 1 by the current set S can be done in time O(n); and, finally, the set Y i can be updated in time O(mn) (recall that Y i are the vertices not infected by S i ).
However, in order to decide if t(G) ≥ 3, Lemma 5.4 suggests that we have to search for every set T 0 ∈ T u 0 , which clearly cannot be done in polynomial time. The next lemma shows us that testing just one such T 0 is sufficient. there is a set of vertices F ′ , where
Proof. It is sufficient to show that, for every
also infects u at time 3. By definition 5.2, there is a separator v of G such that the vertices w and w ′ belong to the same connected component
. This is because, either u = v (and we are done), or u = v and consequently the infection time of any vertex not in D can only affect the infection time of u through v.
Proof. Consider the following algorithm:
Algorithm 2: Algorithm that solves the Maximum Percolation Problem for k = 3 Input: A connected graph G.
When the Algorithm 2 outputs Yes, it means that there is a vertex u, a set T 0 ∈ T u 0 , and a set F ⊆ V (G), where |F | ≤ 4, such that F ∪ T 0 ∪ N ≥3 (u) infects u at time 3. Thus, by Lemma 5.4, if the algorithm outputs Yes, then t(G) ≥ 3. On the other hand, when the Algorithm 2 outputs No, it means that, for every vertex u, there is a set T 0 ∈ T u 0 such that for all sets F , where |F | ≤ 4, we have that F ∪ T 0 ∪ N ≥3 (u) infects u at time = 3. Thus, applying the contrapositive of Lemma 5.5, we have that, for every vertex u, all sets T 0 ∈ T u 0 and all sets of vertices F , where |F | ≤ 4, the set F ∪ T 0 ∪ N ≥3 (u) infects u at time = 3. Therefore, by Lemma 5.4, if the algorithm outputs No then t(G) < 3. Additionally, the Algorithm 2 is an O(mn 5 )-time algorithm because, given a vertex u, to find an arbitrary set in T u 0 and compute the set N ≥3 (u), it is necessary O(m)-time, and, given a set F , to test whether the set F ∪ T 0 ∪ N ≥3 (u) infects u at time 3, it is necessary O(m)-time. Therefore, the Algorithm 2 decides whether t(G) ≥ 3, for any connected graph G, in O(mn 5 ) time.
Maximum Percolation Time with parameter fixed k = 4 in bipartite graphs
The following theorem is the main result of this section. In order to prove this, we first define some important sets.
to be the set of all vertices x, y such that x = u, y = u, vxy is an induced P 3 , and x and y have degree two. Also, define If w is at distance 2 of x, then there is a vertex z adjacent to both w and x and, since z cannot be v, because w would be in M u v , and x has degree two, then z is in Q u v and also in S ′ , which means that w is at distance ≥ 3 of v. Therefore, when we add w to S ′ to form the set S, we have that the resulting set still infects z at time 0 and, by Lemma 3.3, v at time 3 and, thus, infects x at time 4. On the other hand, if w is at distance ≥ 4 of x, and, therefore, at distance ≥ 3 of v, by Lemma 3.3 applied for each vertex of S − S ′ , we have that S infects v at time 3 and x at time 4.
The second case occurs when, for every vertex v ∈ N (u),
, and is adjacent only to u and w. Therefore, since w / ∈ S ′′ , then, by Lemma 3.2, v ′ ∈ S ′′ , and, therefore, since v ′ and v are infected respectively at times 0 and 2 by S ′′ , then u would be infected by S ′′ at time ≤ 3. Therefore w is at distance ≥ 3 of v ′ and, since v is infected at time ≤ 2 and u at time 4 by S ′′ , then v ′ is infected at time ≥ 3 by S ′′ , and, therefore, by Lemma 3.3, when we add w to S ′′ to form S, the resulting set infects all vertices in N (u) that are infected at time ≥ 3 by S ′′ at time ≥ 3. On the other hand, if w, which is not in S ′′ , is in Q ′′ , which falls in the first case. Therefore, since G is bipartite and w is not adjacent to any vertex in N (u) − {z}, then w is at distance ≥ 3 of all vertices in N (u) − {z}. Therefore, by Lemma 3.3, when we add w to S ′′ to form S, the resulting set infects all vertices of N (u) that are infected at time ≥ 3 by S ′′ at time ≥ 3. Hence, in any of the two cases, we have that S infects all vertices in N (u), except at most by one, at time ≥ 3 and, therefore, S infects u at time ≥ 4. Also, by Lemma 3.4, S infects u at time ≤ 4 and, therefore, S infects u at time 4. Also, we have that, by Definition 6.3, there is a hull set S and a set T 0 ∈ Γ u 0 such that T 0 ⊆ S.
Since S infects some vertex x at time 4 and, to be infected, each vertex needs only two neighbors infected, then there is a set F ⊆ S that infects x at time 4 such that |F | ≤ 2 4 = 16. Thus, since there is a set
Therefore, there is a set T 0 ∈ Γ u 0 , such that the set T 0 ∪ N ≥4 (u) ∪ F , with |F | ≤ 16, infects the vertex x at time 4. Furthermore, we can decrease the size of F to 8 by the following claim, which is proved in Section 7.
Claim 6.5.1. Let G be a bipartite graph and u, x ∈ V (G). If G has a hull set which contains a set T 0 ∈ Γ u 0 and infects x at time 4, then there exists a set F with at most 8 vertices and a hull set S such that F ⊆ S and t(G, F, x) = t(G, S, x) = 4. Therefore, T 0 ∪ N ≥4 (u) ∪ F infects the vertex x at time 4 and we conclude the proof of the necessary condition. Now, let us prove the sufficient condition. Suppose that there is a vertex u, a set F , with |F | ≤ 8, and a set T 0 ∈ T u 0 such that the set S 0 = T 0 ∪ N ≥4 (u) ∪ F infects some vertex x at time 4. We will show how to construct a hull set S such that t(G, S) ≥ 4. We begin with S = S 0 . Let S i be the constructed set at step i. Each step adds one vertex to S and, at the end of each step, it is guaranteed that S i infects, at first, x at time 4 and, in the last step, some vertex at time ≥ 4. Let X i be the set of vertices infected by S i , and let Y i = V (G) − X i . It is worth noting that a vertex in Y i is adjacent to at most one vertex in X i and, since it must have degree at least two, it is also adjacent to at least one vertex in Y i . If S 0 is a hull set, we stop the construction because, since t(G, S 0 , x) = 4, then t(G, S 0 ) ≥ 4.
If not, for i ≥ 0, in the (i + 1)th step of the construction, suppose that there exists a vertex y i ∈ Y i ∩ N 2 (x) with no neighbor infected by S i at time ≥ 2. Let S i+1 = S i ∪ {y i }. Clearly, x has at most one neighbor infected by S i at time ≤ 2 and, by the choice of y i , x is not adjacent to y i . Let us prove that t(G, S i+1 , x) = 4. We have that:
• For every vertex v ∈ N (x) ∩ N (y i ) that is not infected by S i , we have that t(G, S i+1 , v) ≥ 3. This is because, since every neighbor of v, except x, is not infected by S i and, since G is bipartite, every neighbor of v is at distance ≥ 2 of y i , then, by Lemma 3.3, for every vertex s ∈ N (v) − {x}, t(G, S i+1 , s) ≥ 2 and, thus, t(G, S i+1 , v) ≥ 3.
• For every vertex v ∈ N (x) ∩ N ≥3 (y i ) such that t(G, S i , v) ≥ 3, by Lemma 3.3, we have that t(G, S i+1 , v) ≥ 3.
Additionally, there is at most one vertex in N (x) infected at time ≤ 2 by S i and, since y i ∈ N 2 (x) and G is bipartite, N (x) ∩ N 2 (y i ) = ∅. Thus, we have that t(G, S i+1 , x) ≥ 4. Also, since S i ⊆ S i+1 , by Lemma 3.4, we have that t(G, S i+1 , x) ≤ 4. Therefore t(G, S i+1 , x) = 4. If all the vertices in the set Y i ∩ N 2 (x) have a neighbor infected by S i at time ≥ 2, suppose that there is a vertex y i ∈ Y i ∩ N 3 (x) with no neighbor infected by S i at time ≥ 2. Let S i+1 = S i ∪ {y i }. Let us prove that t(G, S i+1 , x) = 4. Let v be any vertex in N (x) such that t(G, S i , v) ≥ 3. We have that:
• For every vertex s ∈ N (v) ∩ N (y i ) that is not infected by S i , we have that t(G, S i+1 , s) ≥ 2. This is because, since s is in N 2 (x), then every neighbor of s, except one, say q, which is infected at time ≥ 2 by S i , is not infected by S i and, additionally, every neighbor of s is at distance ≥ 2 of y i , then, by Lemma 3.3, for every vertex r ∈ N (s), t(G, S i+1 , r) ≥ 2 and, thus, t(G, S i+1 , s) ≥ 3 ≥ 2.
• For every vertex s ∈ N (v) ∩ N ≥3 (y i ) such that t(G, S i , s) ≥ 2, by Lemma 3.3, we have that t(G, S i+1 , s) ≥ 2.
Additionally, there is at most one vertex in N (v) infected at time ≤ 1 by S i and, since y i ∈ N 3 (x) and G is bipartite, N (v) ∩ N 2 (y i ) = ∅. Thus, we have that t(G, S i+1 , v) ≥ 3 and, therefore, since there is at most one vertex in N (x) infected at time ≤ 2 by S i , t(G, S i+1 , x) ≥ 4. Also, since S i ⊆ S i+1 , by Lemma 3.4, we have that t(G, S i+1 , x) ≤ 4. Therefore t(G, S i+1 , x) = 4. It is worth noting that y i is at distance ≥ 2 of every vertex that is infected at time ≥ 2 by S i , which, by Lemma 3.3, implies that it is not possible to go back to the previous state, i.e., it is not possible that there is a vertex in Y i+1 ∩ N 2 (x) with no neighbor infected by S i+1 at time ≥ 2.
When all vertices in the set Y i ∩ N 2 (x) and in the set Y i ∩ N 3 (x) have a neighbor infected by S i at time ≥ 2, let C i be any connected component of G[Y i ]. We have that every vertex of C i has exactly one neighbor outside C i , which is infected at time ≥ 2 by S i .
We have that C i has at least 3 vertices because, otherwise, we would have in C i either only one vertex of degree one, which would be in T 0 , or two adjacent vertices of degree two, that are not u because u ∈ X i . If the latter happens, we have that at least one of the two vertices in C i would be in S i because of the following: Proof. Since G is bipartite, we can assume, without loss of generality, that Therefore, in either case, one vertex of C i would also be in T 0 and, consequently, in X i , which would be a contradiction. Thus, since the graph is bipartite, there are two vertices y i and y Figure 3 , we can see an example of how the infection times of the vertices in C i will be like before and after we add y i to S i .
If Given a vertex u, a set T 0 ∈ Γ u 0 and a set of vertices F , such that T 0 ∪ F ∪ N ≥3 (u) infects some vertex x at time 4, the construction to build a hull set S such that t(G, S) ≥ 4 that is described in Lemma 6.5 can be implemented to run in time O(mn 2 ). This is because, since G is connected, the sets N (u), N 2 (u), N 3 (u) and N ≥4 (u) can be computed in time O(m). Also, for each step i, finding one vertex, if there is any, belonging to the set N 2 (u) ∩ Y and the set N 3 (u) ∩ Y that has at least one neighbor that is either not infected or infected at time ≤ 1 by the current set S can be done in time O(n) and updating the set Y can be done in time O(mn). Finally, the last step can be done in time O(m). Now, let us prove the main theorem of the section. . Therefore, the Algorithm 3 decides whether t(G) ≥ 4, for any bipartite connected graph G, in O(m 2 n 9 ) time.
Technical lemmas

Proof of Claim 5.4.1
Proof. First, let us start by defining the set C H,v,t . For any vertex v infected by some hull set H at time t, let us define C H,v,t to be any minimal subset of H such that the set C H,v,t infects v at time t. In general, if v is infected at time t by H, then |C H,v,t | ≤ 2 t because every vertex needs only two infected neighbors to be infected at any time ≥ 1. Additionally, if v is infected at time t ≥ 1 and has a neighbor vertex infected at time 0 by H, since v must have a neighbor v ′ infected at time t − 1, then, we have that |C H,v,t | ≤ |C H,v ′ ,t−1 | + 1 ≤ 2 t−1 + 1. Particularly, if v is infected at time 2 and has a neighbor infected at time 0 by H, then |C H,v,t | ≤ 3.
We will start the proof by demonstrating the following fact: Proof. Let D be the set of vertices in N (u) that are infected at time 2 by S.
If there is a vertex v ∈ D that has a neighbor in S, then just let S ′ = S and we are done.
If not, then no vertex in D has a neighbor in S. Let v be any vertex in D, and w be a vertex in N (v) ∩ N 2 (u) that is infected at time 1 by S. Let S ′ = S ∪ {w}. We have that:
• For every vertex z in D, z does not have neighbors in S. Thus, z will have, at most, one neighbor in S ′ because S ′ = S ∪ {w}. Therefore, z is infected at time ≥ 2 by S ′ .
• For every vertex z adjacent to u and infected at time t by S, where t ≥ 3, we have that z cannot be adjacent to w and another vertex in S because, otherwise, it would be infected at time ≤ 2 by S. Therefore, z has at most one neighbor in S ′ and, hence, is infected by S ′ at time ≥ 2.
Thus, we have that t(G, S ′ , u) ≥ t(G, S, u), and, since S ⊆ S ′ , we also have that, by Lemma 3.4, t(G, S ′ , u) ≤ t(G, S, u). Therefore, t(G, S ′ , u) = t(G, S, u) = 3. Additionally, we have that the vertex v, which is infected at time 2 by S ′ , as we have shown before, has a neighbor in S ′ . Since S ⊆ S ′ , then we have that S ′ is the hull set we are looking for.
Thus, let S ′ be the hull set as described in the Fact 1. Since v has one neighbor in S ′ , we have that
, F ⊆ R and t(G, R, u) = 3, then F and R are the sets that we are looking for. Now, suppose that there is a vertex w in N (u) such that t(G, S ′ , w) = 1. If w is adjacent to some vertex z ∈ N (u) such that z has a neighbor s in S ′ , then let F = C S ′ ,w,1 ∪ {s} and R = S ′ . Since t(G, F, s) = 0 and t(G, F, w) = 1 then t(G, F, z) ≤ 2 and, therefore, t(G, F, u) ≤ 3. Since t(G, F, u) ≤ 3, |F | ≤ 4, F ⊆ R and t(G, R, u) = 3, then F and R are the sets that we are looking for. However, if w has no neighbor in N (u) that has a neighbor in S ′ , let F = C S ′ ,v,2 ∪ {w} and R = S ′ ∪ {w}. We have that t(G, F, u) ≤ 3 because t(G, F, v) ≤ 2 and t(G, F, w) = 0. Additionally, since all vertices in N (u) − {w} are infected by S ′ at time ≥ 2 and all vertices in N (u) that are adjacent to w are not adjacent to any vertex in S ′ , then all vertices in N (u) − {w} have at most one neighbor in R. Thus, all vertices in N (u) − {w} are infected at time ≥ 2. Therefore, we have that t(G, R, u) ≥ 3, and, since t(G, F, u) ≤ 3, |F | ≤ 4, F ⊆ R and t(G, R, u) ≥ 3, then F and R are the sets that we are looking for.
Henceforth, we will consider only the cases where all vertices in N (u) are infected at time ≥ 2 by S ′ . Suppose that there is a vertex v ′ in N (u) − {v} that has no neighbors in N (u) that has some neighbor in S ′ . In this case, let F = C S ′ ,v,2 ∪ {v ′ } and R = S ′ ∪{v ′ }. We have that t(G, F, u) ≤ 3 because t(G, F, v) ≤ 2 and t(G, F, v ′ ) = 0. Additionally, since all vertices in N (u) − {v ′ } are infected by S ′ at time ≥ 2 and all vertices in N (u) that are adjacent to v ′ are not adjacent to any vertex in S ′ , then all vertices in N (u) − {v ′ } have at most one neighbor in R. Since all vertices in N (u) are infected by S ′ at time ≥ 2, then all vertices in N (u) − {v ′ } are infected by R at time ≥ 2. Therefore, we have that t(G, R, u) ≥ 3, and, since t(G, F, u) ≤ 3, |F | ≤ 4, F ⊆ R and t(G, R, u) ≥ 3, then F and R are the sets that we are looking for.
From now on, suppose that every vertex in N (u) − {v} has a neighbor vertex in N (u) that has a neighbor in S ′ . Let us show the following fact:
There is a hull set S ′′ ⊇ S ′ that infects u at time 3 and there is a vertex v ′ ∈ N (u) − {v} that is infected at time 2 by S ′ such that v ′ is infected at time 2 by S ′′ and has a neighbor w in S ′′ .
Proof. This proof is similar to the proof of the Fact 1. If there is a vertex v ′ in N (u) − {v} that is infected at time 2 by S ′ and that has a neighbor in S ′ , then, letting S ′′ = S ′ , S ′′ is the set we are looking for. Then, let us assume that there is no vertex in N (u) − {v} that is infected at time 2 by S ′ and that has a neighbor in S ′ . Then, since all vertices in N (u) are infected by S ′ at time ≥ 2 and t(G, S ′ , u) = 3, there must be at least one vertex in N (u) − {v} infected at time 2 by S ′ . Let v ′ be such vertex. Let S ′′ = S ′ ∪ {w}, where w is in N (v ′ ) and is infected at time 1 by S ′ . We have that w ∈ N 2 (u) because, otherwise, there would be a vertex infected by S ′ at time 1 in N (u). Let D be the set of vertices in N (u) that are infected at time 2 by S ′ . We have that:
• For every vertex z in D − {v}, z does not have neighbors in S ′ . Thus, z will have at most one neighbor in S ′′ , because S ′′ = S ′ ∪ {w}, and, hence, t(G, S ′′ , z) ≥ 2.
• For every vertex z infected at time t, where t ≥ 3, by S ′ , we have that z cannot be adjacent to w and another vertex in S ′ because, otherwise, it would be infected at time ≤ 2 by S ′ . Therefore, z has at most one neighbor in S ′′ and, hence, is infected by S ′′ at time ≥ 2.
Tus, we have that v is the only vertex that can be infected at time ≤ 1 by S ′′ . Also, since all vertices in N (u) − {v} are infected at time ≥ 2 by S ′′ , we have that t(G, S ′′ , u) ≥ 3. Since S ′ ⊆ S ′′ , then, by Lemma 3.4, we also have that t(G, S ′′ , u) ≤ 3 and, thus, t(G, S ′′ , u) = 3. Also, by Lemma 3.4, t(G, S ′′ , v ′ ) = 2. Then, since t(G, S ′′ , w) = 0, S ′′ is the set that we are looking for.
Thus, suppose that v is infected at time 1 by S ′′ . Since v is infected at time 2 by S ′ and 1 by S ′′ , then v must be adjacent to w and to some other vertex r, which is in S ′ and, therefore, it is also in S ′′ . Let x be a vertex in N (v ′ ) that is infected at time 1 by S ′′ . Let F = {r, w} ∪ C S ′′ ,x,1 and R = S ′′ . Since t(G, F, w) = 0 and t(G, F, x) = 1, then t(G, F, v ′ ) = 2. Hence, t(G, F, u) ≤ 3 because t(G, F, v ′ ) ≤ 2 and, since t(G, F, r) = 0 and t(G, F, w) = 0, t(G, F, v) = 1. Thus, since t(G, F, u) ≤ 3, |F | ≤ 4, F ⊆ R and t(G, R, u) = 3, then F and R are the sets that we are looking for.
Thus, henceforth, suppose that v is not infected at time ≤ 1 by S ′′ . Since, in the proof of the Fact 2, we showed that v was the only vertex that could be infected by S ′′ at time ≤ 1, then, there is no vertex in N (u) infected at time
Also, if there is a vertex z ∈ N (u) − {v ′ } that is adjacent to x and to some vertex in q ∈ S ′′ , we have that z is infected at ≤ 2 by S ′′ . Since, we assumed previously that there is no vertex in N (u) that is infected at time ≤ 1 by S ′′ , we have that z, in fact, is infected at time 2 by S ′′ . Let F = {q, w} ∪ C S ′′ ,x,1 and R = S ′′ . We have that t(G, F, z) ≤ 2 because t(G, F, q) = 0 and t(G, F, x) ≤ 1. Also, t(G, F, v ′ ) ≤ 2 because t(G, F, w) = 0 and t(G, F, x) ≤ 1. Therefore, t(G, F, u) ≤ 3. Since, we have that q, w ∈ S ′′ , then F ⊆ R, and, therefore, since t(G, F, u) ≤ 3, |F | ≤ 4, F ⊆ R and t(G, R, u) = 3, then F and R are the sets that we are looking for.
If, however, there is no vertex in N (u) − {v ′ } that is adjacent to x and to some vertex in S ′′ , let R = S ′′ ∪ {x}. Since there is no vertex in N (u) ∩ S ′′ and there is no vertex in N (u), except v ′ , adjacent to two vertices in S ′′ ∪ {x}, then all vertices in N (u) − {v ′ } are infected by R at time ≥ 2. Thus, t(G, R, v ′ ) = 1 and t(G, R, u) ≥ 3. Let q ∈ N (u) be the neighbor of v ′ that has a neighbor c ∈ S ′ . Since
We have that t(G, R, q) ≤ 2 because t(G, F, v ′ ) = 1 and t(G, F, c) = 0 and, therefore, since t(G, R, q) ≤ 2 and t(G, F, v ′ ) = 1, t(G, F, u) ≤ 3. Since t(G, F, u) ≤ 3, |F | ≤ 4, F ⊆ R and t(G, R, u) ≥ 3, then F and R are the sets that we are looking for.
Proof of Claim 6.5.1
Claim 6.5.1. Let G be a bipartite graph and u, x ∈ V (G). If G has a hull set which contains a set T 0 ∈ Γ u 0 and infects x at time 4, then there exists a set F with at most 8 vertices and a hull set S such that F ⊆ S and t(G, F, x) = t(G, S, x) = 4.
Proof. First, let us start by defining the set C H,v,t . For any vertex v infected by some hull set H at time t, let us define C H,v,t to be any minimal subset of H such that the set C H,v,t infects v at time t. In general, if v is infected at time t by H, then |C H,v,t | ≤ 2 t because every vertex needs only two infected neighbors to be infected at any time ≥ 1. Additionally, if v is infected at time t ≥ 1 and has a neighbor vertex infected at time 0 by H, since v must have a neighbor v ′ infected at time t − 1, then, we have that
Let us begin the proof by proving the following fact:
There is a hull set Z ⊇ S that infects x at time 4 and some vertex v ∈ N (x) at time 3 such that |C Z,v,3 | ≤ 4.
Proof. If there is some vertex v ∈ N (x) infected at time 3 by S such that |C S,v,3 | ≤ 4, let Z = S and we are done. So, assume that that is not the case. Let us prove that there is a hull set Z ⊇ S that infects x at time 4 and some vertex v ∈ N (x) at time 3 such that v has a neighbor in Z and another neighbor s that is infected at time 2 and that has also a neighbor in Z. This should be enough because, if s has a neighbor in Z, then |C Z,s,2 | ≤ 3 and, if v also has a neighbor in Z, then |C Z,v,3 | ≤ |C Z,s,2 | + 1 ≤ 3 + 1 = 4.
Since there is no vertex v ∈ N (x) infected at time 3 by S such that |C S,v,3 | ≤ 4, then there is no vertex v ∈ N (x) that is infected at time 3 by S such that v has a neighbor in S and another neighbor s that is infected at time 2 and has a neighbor in S.
So, if there is a vertex in N (x) infected at time 3 by S that has a neighbor in S, let v be that vertex and let P = S. If not, let v be any vertex in N (x) that is infected at time 3 by S, has a neighbor r infected at time 1 by S and has another neighbor s infected at time 2 by S that has a neighbor in S. If there is no such vertex v, let v be any vertex in N (x) that is infected at time 3 by S and has a neighbor r infected at time 1 by S, or, if there is no such vertex v, let v be any vertex in N (x) that is infected at time 3 by S and let r be any vertex adjacent to v infected at time 2 by S. Let P = S ∪ {r}.
We have that, since G is bipartite, all vertices infected at time ≥ 2 by S that are adjacent to any vertex in N (x) are at distance ≥ 2 of r, except for r itself, and, therefore, by Lemma 3.3, all vertices infected at time ≥ 2 by S that are adjacent to any vertex in N (x) are infected at time ≥ 2 by P .
Additionally, if r is infected at time 2 by S, by the choice of r, there is no vertex in N (x) infected at time 3 by S that has one neighbor infected at time ≤ 1 by S and, since all vertices infected at time ≥ 4 by S cannot be adjacent to r and another vertex infected at time ≤ 1 by S, then, if r is infected at time 2 by S, all vertices in N (x) that are infected at time ≥ 3 by S have at most one neighbor infected at time ≤ 1 by P .
If r is infected at time 1 by S, then all vertices in N (x) infected at time ≥ 3 by S cannot be adjacent to r and another vertex infected at time ≤ 1 by S because, otherwise, they would be infected at time ≤ 2 by S. Then, if r is infected at time 1 by S, all vertices in N (x) that are infected at time ≥ 3 by S have at most one neighbor infected at time ≤ 1 by P .
Thus, whichever the infection time of r by S, we have that all vertices in N (x) that are infected at time ≥ 3 by S have at most one neighbor infected at time ≤ 1 by P . Thus, all vertices in N (x) that are infected at time ≥ 3 by S are infected at time ≥ 3 by P . Hence, v is infected at time ≥ 3 and x at time ≥ 4 by P . Thus, by Lemma 3.4, v is infected at time 3 and x at time 4 by P .
Thus, there is a vertex v in N (x) that is infected at time 3 by P such that v has a neighbor that is infected at time 0 by the hull set P and x is infected at time 4 by P . At this point, if there is some vertex v ′ in N (x) such that P infects v ′ at time 3 and |C P,v ′ ,3 | ≤ 4, let Z = P and we are done. If not, henceforth, assume that there is not such vertex v ′ . Note that if v has a neighbor r infected at time 1 by S and has another neighbor infected at time 2 by S that has a neighbor in S, then |C P,v,3 | ≤ 4. Thus, since there is no vertex v ′ in N (x) such that P infects v ′ at time 3 and |C P,v ′ ,3 | ≤ 4, and all vertices infected at time ≥ 2 by S and adjacent to some vertex in N (x) are infected at time ≥ 2 by P , then there is no vertex in N (x) infected at time 3 by P that has a neighbor infected at time 1 by P and has another neighbor infected at time 2 by P that has a neighbor in P .
Thus, we have that all vertices in N (x) infected at time 3, including v, that are neighbor of some vertex in P do not have a neighbor infected at time 2 that also has a neighbor in P . Then, let s be any vertex adjacent to v that is infected at time 2 by P . Since v has a neighbor in P , we have that s does not have a neighbor in P . Let z be any vertex adjacent to s that is infected at time 1 by P . Let Z = P ∪ {z}. Let us prove that Z infects x at time 4, v at time 3 and s at time 2. Using the Lemma 3.4, we have that is enough to prove that Z infects x at time ≥ 4, v at time ≥ 3 and s at time ≥ 2. First, since s has no neighbor in P , then it has at most one neighbor in Z. Therefore s is infected at time ≥ 2 by Z. Now, assume, by contradiction, that Z infects some vertex q ∈ N (x) that is infected at time ≥ 3 by P at time ≤ 2. Since q = z and P infects q at time 3 and Z infects q at time ≤ 2, by Lemma 3.3, the vertices z and q are at distance either 1 or 2 of each other, but, since G is bipartite, z and q are at distance 2 of each other. Therefore, since q cannot have a neighbor infected at time 1 by P and another neighbor q ′ that is infected at time ≥ 2 by P that has a neighbor in P , we have that only two cases can happen.
In the first case, the vertex q has a neighbor in Z and another neighbor q ′ that is infected at time ≥ 2 by P and at time 1 by Z. In this case, we have that z is adjacent to q ′ and, since Z = P ∪ {z}, q ′ must have a neighbor in P . Since z and q are at distance 2 of each other, then the vertex adjacent to q in Z cannot be z and, therefore, q has a neighbor in P . Thus, since z is infected at time 1 by P and q and q ′ have a neighbor in P , then, in fact, q ′ is infected at time 2 and q is infected at time 3 by P . Thus, since q ′ has a neighbor in P , then |C P,q ′ ,2 | ≤ 3. Also, since q has a neighbor in P , we have that |C P,q,3 | ≤ |C P,q ′ ,2 | + 1 ≤ 3 + 1 = 4, which is a contradiction because we assumed that there is no vertex v in N (x) that is infected at time 3 by P such that |C P,v,3 | ≤ 4.
In the second, case we have that q has two neighbors q 1 and q 2 that are infected at time ≥ 2 by P and at time 1 by Z. In this case, we have that z is adjacent to both q 1 and q 2 and, also, we have that both q 1 and q 2 have a neighbor in Z that is different from z, implying that both q 1 and q 2 have a neighbor in P . Thus, since q 1 and q 2 have a neighbor in P and z is infected at time 1 by P , then q 1 and q 2 are infected at time 2 by P and, therefore, q is infected at time 3 by P . So, since z is adjacent to both q 1 and q 2 , z is infected by P at time 1 and both q 1 and q 2 , which are infected at time 2 by P , have a neighbor in P , then |C P,q,3 | ≤ |C P,q1,2 | + |C P,q2,2 | ≤ |C P,z,1 | + 1 + 1 = 4, which is a contradiction because we assumed that there is no vertex v in N (x) infected at time 3 by P such that |C P,v,3 | ≤ 4.
Thus, we have that Z infects at time ≥ 3 all vertices in N (x) that are infected at time ≥ 3 by P . Hence, Z infects v at time ≥ 3 and x at time ≥ 4. Also, since v and s have a neighbor in Z, then Z is the set we are looking for.
Thus, there is a hull set Z that is superset of S that infects x at time 4 and some vertex v in N (x) at time 3 such that |C Z,v,3 | ≤ 4. Thus, if there is a vertex v ′ in N (x) that is infected at time t ≤ 2 by Z, let F = C Z,v,3 ∪ C Z,v ′ ,t . Thus, we have that |F | ≤ |C Z,v,3 | + |C Z,v ′ ,t | ≤ 4 + 2 t ≤ 8. Since F infects v at time ≤ 3 and v ′ at time ≤ 2, then F infects x at time ≤ 4. Additionally, since Proof. To prove what we want, it is enough to prove that there is a hull set R that infects x at time 4 and some vertex v ′ ∈ N (x) − {v} at time 3 such that v ′ has a neighbor in R and another neighbor s that is infected by R at time 2 and has a neighbor in R. This is because, since v ′ and s have a neighbor in R then |C R,s,2 | ≤ 3 and |C R,v ′ ,3 | ≤ |C R,s,2 | + 1 ≤ 4. Also, since Z ⊆ R and Z infects v at time 3, then, by Lemma 3.4, R infects v at time t ≤ 3 and, since v has a neighbor in Z, and consequently in R, then |C R,v,t | ≤ 4.
If there is a vertex v ′ ∈ N (x) − {v} that is infected at time 3 by Z such that |C Z,v ′ ,3 | ≤ 4, let R = Z and we are done. If not, henceforth, assume that there is not such vertex v ′ . So, if there is a vertex in N (x) − {v} infected at time 3 by Z that has a neighbor in Z, let v ′ be that vertex and let P = Z. If not, let v ′ be any vertex in N (x) − {v} that is infected at time 3 by Z, has a neighbor r infected at time 1 by Z and has another neighbor s infected at time 2 by Z that has a neighbor in Z. If there is no such vertex v ′ , let v ′ be any vertex in N (x) − {v} that is infected at time 3 by Z and has a neighbor r infected at time 1 by Z, or, if there is no such vertex v ′ , let v ′ be any vertex in N (x) − {v} that is infected at time 3 by Z and let r be any vertex adjacent to v ′ infected at time 2 by Z. Let P = Z ∪ {r}.
We have that, since G is bipartite, all vertices infected at time ≥ 2 by Z that are adjacent to any vertex in N (x) are at distance ≥ 2 of r, except for r itself, and, therefore, by Lemma 3.3, all vertices infected at time ≥ 2 by Z that are adjacent to any vertex in N (x) − {v} are infected at time ≥ 2 by P .
Additionally, if r is infected at time 2 by Z, by the choice of r, there is no vertex in N (x) − {v} infected at time 3 by Z that has one neighbor infected at time ≤ 1 by Z and, since all vertices infected at time ≥ 4 by Z cannot be adjacent to r and another vertex infected at time ≤ 1 by Z, then, if r is infected at time 2 by Z, all vertices in N (x) − {v} that are infected at time ≥ 3 by Z have at most one neighbor infected at time ≤ 1 by P .
If r is infected at time 1 by Z, then all vertices in N (x) − {v} infected at time ≥ 3 by Z cannot be adjacent to r and another vertex infected at time ≤ 1 by Z because, otherwise, they would be infected at time ≤ 2 by Z. Then, if r is infected at time 1 by Z, all vertices in N (x) − {v} that are infected at time ≥ 3 by Z have at most one neighbor infected at time ≤ 1 by P .
Thus, whichever the infection time of r by Z, we have that all vertices in N (x) − {v} that are infected at time ≥ 3 by Z have at most one neighbor infected at time ≤ 1 by P . Thus, all vertices in N (x) − {v} that are infected at time ≥ 3 by Z, which is all vertices in N (x) − {v}, are infected at time ≥ 3 by P . Hence, v ′ is infected at time ≥ 3 and x at time ≥ 4 by P . Thus, by Lemma 3.4, v is infected at time 3 and x at time 4 by P .
Thus, there is a vertex v ′ in N (x) − {v} that is infected at time 3 by P such that v ′ has a neighbor in P and x is infected at time 4 by P . At this point, if there is some vertex w in N (x) − {v} such that P infects w at time 3 and |C P,w,3 | ≤ 4, let R = P and we are done. If not, henceforth, assume that there is not such vertex w.
Note that if v ′ has a neighbor r infected at time 1 by Z and has another neighbor infected at time 2 by Z that has a neighbor in Z, then |C P,v ′ ,3 | ≤ 4. Thus, since there is no vertex w in N (x) − {v} such that P infects w at time 3 and |C P,w,3 | ≤ 4, and all vertices infected at time ≥ 2 by Z and adjacent to some vertex in N (x) − {v} are infected at time ≥ 2 by P , then there is no vertex in N (x) − {v} infected at time 3 by P that has a neighbor infected at time 1 by P and has another neighbor infected at time 2 by P that has a neighbor in P .
Thus, we have that all vertices in N (x)− {v} infected at time 3, including v ′ , that are neighbor of some vertex in P do not have a neighbor infected at time 2 that also has a neighbor in P . Then, let s be any vertex adjacent to v ′ that is infected at time 2 by P . Since v ′ has a neighbor in P , we have that s does not have a neighbor in P . Let z be any vertex adjacent to s that is infected at time 1 by P . Let R = P ∪ {z}. Let us prove that R infects x at time 4, v ′ at time 3 and s at time 2. Using the Lemma 3.4, we have that is enough to prove that R infects x at time ≥ 4, v ′ at time ≥ 3 and s at time ≥ 2. First, since s has no neighbor in P , then it has at most one neighbor in R. Therefore s is infected at time ≥ 2 by R. Now, assume, by contradiction, that R infects some vertex q ∈ N (x) − {v} that is infected at time ≥ 3 by P at time ≤ 2. Since q = z and P infects q at time 3 and R infects q at time ≤ 2, by Lemma 3.3, the vertices z and q are at distance either 1 or 2 of each other, but, since G is bipartite, z and q are at distance 2 of each other. Therefore, since q cannot have a neighbor infected at time 1 by P and another neighbor q ′ that is infected at time ≥ 2 by P that has a neighbor in P , we have that only two cases can happen.
In the first case, the vertex q has a neighbor in R and another neighbor q ′ that is infected at time ≥ 2 by P and at time 1 by R. In this case, we would have that z is adjacent to q ′ and, since R = P ∪ {z}, q ′ must have a neighbor in P . Since z and q are at distance 2 of each other, then the vertex adjacent to q in R cannot be z and, therefore, q has a neighbor in P . Thus, since z is infected at time 1 by P and q and q ′ have a neighbor in P , then, in fact, q ′ is infected at time 2 and q is infected at time 3 by P . Thus, since q ′ has a neighbor in P , then |C P,q ′ ,2 | ≤ 3. Also, since q has a neighbor in P , we have that |C P,q,3 | ≤ |C P,q ′ ,2 | + 1 ≤ 3 + 1 = 4, which is a contradiction because we assumed that there is no vertex w in N (x) − {v} that is infected at time 3 by P such that |C P,w,3 | ≤ 4.
In the second case, we have that q has two neighbors q 1 and q 2 that are infected at time ≥ 2 by P and at time 1 by R. In this case, we have that z is adjacent to both q 1 and q 2 and, also, we have that both q 1 and q 2 have a neighbor in R that is different from z, implying that both q 1 and q 2 have a neighbor in P . Thus, since q 1 and q 2 have a neighbor in P and z is infected at time 1 by P , then q 1 and q 2 are infected at time 2 by P and, therefore, q is infected at time 3 by P . So, since z is adjacent to both q 1 and q 2 , z is infected by P at time 1 and both q 1 and q 2 , which are infected at time 2 by P , have a neighbor in P , then |C P,q,3 | ≤ |C P,q1,2 | + |C P,q2,2 | ≤ |C P,z,1 | + 1 + 1 = 4, which is a contradiction because we assumed that there is no vertex w in N (x) − {v} infected at time 3 by P such that |C P,w,3 | ≤ 4.
Thus, we have that R infects at time ≥ 3 all vertices in N (x) − {v} that are infected at time ≥ 3 by P , which is all vertices in N (x) − {v}. Therefore, R infects v ′ at time ≥ 3 and x at time ≥ 4. Also, since v ′ and s have a neighbor in R, then R is the set we are looking for.
Thus, there is a hull set R that is superset of Z that infects x at time 4 , some vertex v ∈ N (x) at time t ≤ 3 and some other vertex v ′ ∈ N (x) at time 3 such that |C R,v,t | ≤ 4 and |C R,v ′ ,3 | ≤ 4. Let F = C R,v,t ∪ C R,v ′ ,3 . Thus, we have that |F | ≤ |C R,v,t | + |R Z,v ′ ,3 | ≤ 4 + 4 = 8. Since F infects v at time ≤ 3 and v ′ at time ≤ 3, then F infects x at time ≤ 4. Additionally, since T 0 ∪ N ≥4 (u) ⊆ S ⊆ Z ⊆ R and F ⊆ R, then T 0 ∪ N ≥4 (u) ∪ F ⊆ R. So, since x is infected by R at time 4 and by F at time ≤ 4, |F | ≤ 8, and T 0 ∪N ≥4 (u)∪F ⊆ R, then R and F are the sets we are looking for.
Final Remarks
In this paper, we showed the Percolation Time Problem is polynomial for a fixed k = 3 by finding polynomially computable characterization for graphs that have the percolation time ≥ 3. Also, when the problem is restricted only to bipartite graphs, we showed that the Percolation Time Problem for a fixed k ≥ 5 is NP-Complete. However, we found polynomially computable characterizations for graphs that have the percolation time ≥ 3 and ≥ 4. Regarding the polynomial cases, we derived from the characterizations algorithms that run in times O(mn 5 ), O(mn 3 ) and O(m 2 n 9 ) that solves the Percolation Time Problem when , respectively, the parameter k is fixed in 3 and, in bipartite graphs, when k is fixed in 3 and 4.
The results in [7] along with the results in this work set the threshold for the fixed parameter k in which the Percolation Time Problem ceases to be polynomial and becomes NP-complete.
We are hoping that these results, the results in [7] regarding NP-completeness of the Percolation Time Problem for planar graphs and future results regarding the NP-completeness of the Percolation Time Problem in restricted degree graphs shed some light in the following question: Can the Percolation Time Problem in subgraphs and induced subgraphs of d-dimensional grids be solved in polynomial time or this problem in these types of graphs is NP-Complete?
Other interesting questions arises from this work, such as, can the complexity of the algorithms, which, in this case, is directly related to the maximum size of the sets of vertices that initially infects some vertex at time k, be improved? Also, is there a relation between the P 3 -Carathodory number [31] and the maximum size of the sets of vertices that initially infects some vertex at time k?
